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Abstract 
Our aim in this paper is to do further research on R-generalized fuzzy subnear-rings. Base on the idea of R-fuzzy 
subgroup and generalized fuzzy subgroup, we obtain the properties of  their homomorphic image and homomorphic 
preimage . Moreover, we give their equivalent forms under five specific implication operators. 
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1. Introduction 
Rosenfeld introduced the notion of fuzzy subgroups in 1971[1] which is the beginning of fuzzy algebra. 
In 1991, Zaid applied the algebraic theory to near-rings and gave the concept of fuzzy subnear-rings as 
well as fuzzy ideals of near-rings [2]. Near-ring theory plays a prominent role in mathematics with wide 
ranging applications in many disciplines such as theoretical physics, computer sciences, control 
engineering, information sciences, coding theory, topological spaces and so on. This provides sufﬁcient 
motivation to researchers to make further study on near-rings in the broader framework of fuzzy sets. 
The notion of intuitionistic fuzzy ideal of a near-ring is  introduced in [3]and Tim defined T-fuzzy near-
ring with t-norm in 2002[4]. In 2006, Davvaz gave the notion of ( , fuzzy subnear-rings and ideals. 
His related achievements were given in [5]. Liao ZH et al extended Rosenfeld’s fuzzy algebra, Bhakat and 
Das’s fuzzy algebra and 
)q∈∈∨ −
( , )q∈∈∨ − fuzzy algebra to ( , )( , fuzzy algebra, and do series of 
researches including ( , ) fuzzy subnear-rings and ideals [6-12] which is an important and useful 
generalization of Rosenfeld’s fuzzy subgroup . The concept of generalized fuzzy subgroup was introduced 
by Yuan X H, Zhang C and Ren Y H in 2003[13],   Zhao Y Y,Yuan X H et al defined fuzzy subgroup from 
the angle of logic and gave some properties of it[14].Then generalized fuzzy sunnear-rings and ideals 
based on implication operators were given by Shao Y X, Liao Z H et al and some of the algebraic 
properties were discussed[15], this paper is the continuation of the above work , we do further research on 
R-generalized fuzzy subnear-rings based on [15], the properties of their homomorphic image and 
)q λ μ∨ −∈∈
( , )q λ μ∈∈∨ −
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( , )( , )q λ μ∈∈∨ −
homomorphic preimage are given , moreover, we also discuss the equivalent forms under specific 
implication operators. 
The R-fuzzy algrbra introduced by us has more substantial type to fuzzy algrbra. For exa- 
mple, when ,1t = GoR -generalized fuzzy subnear-ring is a  fuzzy subnear-ring; when , it ( , )( , )q λ μ∈∈∨ − 1t ≠
is a new type of generalized fuzzy subnear-ring, so the research on its structure and properties has import- 
ant academic value. 
2. Preliminaries
Relevant properties of near-rings and generalized fuzzy subgroups can be obtained from[2] and [13]. 
From now on, and are near-rings. ℜ H
Definition 2.1[14] The mapping R: [ is called a implication operator. 0,1] [0,1] [0,1]× →
Definition 2.2[15] Now commonly used formulas are mainly as follows: 
(1)Lukasiewicz implication operator： ( , ) (1 ) 1.LuR a b a b= − + ∧
(2)Mamdam implication operator： ( , ) .MR a b a b= ∧
(3)Gaines-Rescher implication operator： 1,( , )
0,GR
a b
R a b
≤⎧
= ⎨⎩
；
el se.
(4)Godel implication operator： 1,( , )
,G
a b
R a b
b
≤⎧
= ⎨⎩
；
el se.
(5)Goguen implication operator：
1, 0;
( , )
1, 0.Go
a
R a b b a
a
=⎧⎪
= ⎨
∧ ≠⎪⎩
Theorem 2.1[15] Let R be a implication operator on [0,1] and it satisfies that is equivalent to 
.If A is a generalized fuzzy subnear-ring of ,then A is a R-generalized fuzzy subnear-ring of .
( , ) 1R a b =
a ℜ ℜ
( , ) 0b = a b>
ℜ
b≤
*( , ) ( , )
Theorem 2.2[15] Let R be a implication operator on [0,1] and satisfies R a ,if .If A is a R-
generalized fuzzy subnear-ring of ℜ ,then A is a generalized fuzzy subnear-ring of .
3. R-Generalized Fuzzy Subnear-rings 
We do further research on fuzzy subnear-rings based on [13] and the properties of their homomorphic 
image and homomorphic preimage are given. 
Theorem3.1 Let R be an implication operator on [0,1] and it satisfies the conditions as follows: 
(1) R a b R a b≥
*
when ;*a a≤
(2) ( , ) ( , )R a b R a b≤ when ;*b b≤
(3) is continuous about ( , )R x y x .
:f Hℜ→ be a full homomorphic, if A is a R-generalized fuzzy subnear-ring of ℜ ,then ( )f A  is a R-
generalized fuzzy subnear-ring of .H
Proof.(1)For all , ,there exist and such that0ε > 1 2,z z H∈ 0δ > ℜ∈21, xx 1 1 2( ) , ( ) 2f x z f x z= =  and
1 1( ) ( )( )A x f A z δ> − , ))(()( 22 zAfxA > δ− ,then 1 2 1 2 1( ) ( ) ( ) 2f x x f x f x z z+ = + = + , that is to say 
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)( 21
1
21 zzfxx +∈+
− ,Thus 1 2 1 2 1 2( ( ) ( ) , ( )( ) ) ( ( )( ) ( )( ) ,R A x A x f A z z R f A z f A zμ λ μ∧ ∧ + ∨ − ∧ ∧
1 2( )( ) )f A z z λ+ ∨ ε< ,so 1 2( ( )( ) ( )( )R f A z f A z∧ ∧ 1 2 1 2, ( )(( ) ) ( ( ) ( ) ,f A z z R A x A xμ λ μ+ ∨ ≥ ∧ ∧
1 2( )( ) )f A z z λ+ ∨ − ε 1 2 1( ( ) ( ) , (R A x A x A xμ≥ ∧ ∧ 2 ) )x λ ε+ ∨ − 1( ( )( ) ( )(R f A z f A∧，Therefore 
2 1) , ( )(z f A zμ∧ + 2 )z )λ∨ ≥ 1 2( ( ) ( ) ,R A x A x μ∧ ∧ 1 2( ) )A x x tλ+ ∨ ≥ .
Similarly we can prove that ( ( )( ) , ( )( ) )R f A z f A zμ λ∧ − ∨ ≥ t and 1 2( ( )( ) ( )( ) ,R f A z f A z μ∧ ∧
1 2( )( ) )f A z z tλ∨ ≥ .Therefore ( )f A  is a R-generalized fuzzy subnear-ring of .H
Theorem3.2 Let R be an implication operator on [0,1] and f : Hℜ→
H 1( )
be a homomorphic, if B is a 
generalized fuzzy subnear-ring of ,then B−  is a R-generalized fuzzy subnear-ring ofℜ .f
Proof.For all ,x y R∈
1 1( ( )( ) ( )( )R f B x f B y
,
(1) 1, ( )( ) ) ( ( ( )) ( ( )) , ( ( )) )f B x y R B f x B f y B f x yμ λ μ λ−∧ ∧ + ∨ = ∧ ∧ + ∨ =
( ( ( ( ) ( )) )R B f x f y t
− −
( )) ( ( )) ,f x B f y Bμ λ+ ∨ ≥
( ) ) ( ( ( )) , ( ( )) ) ( ( ( )) , ( ( ))x R B f x B f x R B f x B f xμ λ μ λ μ∧ − ∨ = ∧ − ∨ = ∧ −
)λ∨
1) , ( )( ) ) ( ( ( )) ( ( )) , ( ( )) ) (y f B xy R B f x B f y B f xy Rμ λ μ λ−∧ ∧ ∨ = ∧ ∧ ∨ =
( ( ( ) ( )) )B f x f y t
∧ ∧
1 1( )( ) , ( )(R f B x f B− −
t≥
1 1( ( )( ) ( )(R f B x f B− −
)) ( ( )) , (x B f y B f
;
(2)
;
(3)
μ λ∨ ≥∧ ∧
1( )
.
Thus f B−
( , ]t λ
 is a R-generalized fuzzy subnear-ring ofℜ .
Now we discuss generalized fuzzy subnear-rings under five specific implication operator and give 
their equivalent forms under five different operators. 
Theorem3.3 Let μ∈
GR
,we discuss R-generalized fuzzy subnear-rings under above five implication 
operators, and obtain the following conclusions: 
(1)A is a  R -generalized fuzzy subnear-ring of ℜ is equivalent to A is a  generalized fuzzy subnear-
ring of ℜ .
(2) A is a  -generalized fuzzy subnear-ring of is equivalent to (i) GoR ℜ ( ) ( ( ) ( ) );A x y t A x A yλ μ+ ∨ ≥ ∧ ∧
(ii) ( ) ( ( ) )A x t A xλ μ− ∨ ≥ ∧ ; (iii) ))()(()( μλ ∧∧≥∨ yAxAtxyA .
(3) A is a  -generalized fuzzy subnear-ring of is equivalent to (i)LuR ℜ ( ) ( ) ( )A x A y A x yμ λ∧ ∧ − + ∨
1 t≤ − ;(ii) −∧ μ)(xA txA −≤∨− 1)( λ ;(iii) ( ) ( ) ( )A x A y A xyμ λ∧ ∧ − ∨ 1 t≤ − .
(4) A is a  -generalized fuzzy subnear-ring of is equivalent to MR ℜ ( )A x t≥ for all .x∈ℜ
(5) A is a  -generalized fuzzy subnear-ring of is equivalent to (i)GR ℜ ( ) ( ) ( )A x y A x A y tλ+ ∨ ≥ ∧ ∧ ;
    (ii) ( ) ( )A x Aλ− ∨ ≥ x t∧ ; (iii) ( ) ( )A xy A xλ∨ ≥ ( )A y t∧ ∧ .
Proof.
(1) A is a  generalized fuzzy subnear-ring of ℜ based on theorem2.2. Conversely A is a  GRR -generalized 
fuzzy subnear-ring of ℜ based on theorem2.1. 
 (2) For all , (i) ,so,x y∈ℜ ( ( ) ( ) , ( ) )GoR A x A y A x y tμ λ∧ ∧ + ∨ ≥ ( ) ( ) 0A x A y μ∧ ∧ = or
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t
yAxA
yxA ≥∧
∧∧
∨+ 1
)()(
)(
μ
λ )0)()(( ≠∧∧ μyAxA ，then μ∧∧ )()( yAxA =0 or ( ) ( ( )A x y t A xλ+ ∨ ≥
( ) )A y μ∧ ∧ )0)()(( ≠∧∧ μyAxA ，therefore ( ) ( ( ) ( )A x y t A x A yλ )μ+ ∨ ≥ ∧ ∧ ;(ii) ( ( ) ,GoR A x μ∧
( ) )A x tλ− ∨ ≥ , so 0)( =∧ μxA or
μ
λ
∧
∨−
)(
)(
xA
xA 1∧ t≥ )0)(( >∧ μxA ，then ( ) ( ( ) )A x t A xλ μ− ∨ ≥ ∧ ;
Similarly we can prove that ( ) ( ( ) ( ) )A xy t A x A yλ μ∨ ≥ ∧ ∧ .
Conversely, from ))()(()( μλ ∧∧≥∨+ yAxAtyxA we know that ( ) ( ) 0A x A y μ∧ ∧ = or
( ) ( ( ) ( )x A y≥ ∧
( ) ( )
A x y
A x A y
λ
μ
+ ∨
∧ ∧
t A μ∧ ≠ 0), then t≥
y
∧
∧
∨ 1
)
)
μAxA
yxA
∧
+
()(
( λ ，from ( ( )GoR A x ∧ ( )A y
, ( ) )A x yμ λ∧ + ∨ =
⎪⎩
⎪⎨
⎧
≠∧∧∧
∧∧
∨+
=∧∧
0)()(,1
)()(
)(
0)()(,1
μ
μ
λ
μ
yAxA
yAxA
yxA
yAxA
，we know .tyxAyAxARGo ≥∨+∧∧ ))(,)()(( λμ
Similarly we can prove that and .txAxARGo ≥∨−∧ ))(,)(( λμ ( ( ) ( ) , ( ) )GoR A x A y A xyμ λ∧ ∧ ∨ ≥ t
Thus A is a  -generalized fuzzy subnear-ring of .GoR ℜ
(3) For all ,we have ，that is to say (1-,x y∈ℜ tyxAyAxARLu ≥∨+∧∧ ))(,)()(( λμ ( ) ( )A x A y∧ ∧
( ) ) 1A x y tμ λ+ + ∨ ∧ ≥ ,then1- ( ) ( ) ( )A x A y A x y tμ λ∧ ∧ + + ∨ ≥ ,so ( ) ( ) ( )A x A y A x yμ∧ ∧ − + ∨
1 tλ ≤ − .Similarly we can prove that ∧)(xA λμ ∨−− )( xA t−≤1 and ( ) ( ) ( )A x A y A xyμ λ∧ ∧ − ∨
1 t≤ − .
         Conversely, from tyxAyAxA −≤∨+−∧∧ 1)()()( λμ we can obtain that 1- ( ) ( )A x A y μ∧ ∧ +
( )A x y λ+ ∨ t≥ ，then 1- ( )A x ∧ λμ ∨++∧ )()( yxAyA ) ,that is to say t≥∧1 ( ( ) ( )LuR A x A y∧ ∧
, ( ) )A x y tμ λ+ ∨ ≥ ；similarly we can prove that ( ( ) , ( ) )LuR A x A x tμ λ∧ − ∨ ≥ and ( ( ) ( )LuR A x A y∧
, ( ) )A xy tμ λ∧ ∨ ≥
( ( ) ( ) , ( ) ) ( ) ( ) ( ( ) )MR A x A y A x y A x A y A x y tμ λ μ λ∧ ∧ + ∨ = ∧ ∧ ∧ + ∨ ≥
.Thus A is a  -generalized fuzzy subnear-ring of ℜ .LuR
 (4)  For all , then ,x y∈ℜ ,
tyAxA ≥∧∧ μ)()( ( )A x y+ ∨, .tλ ≥ ( )A x t≥So ,for all .x∈ℜ
     Conversely, for ( )A x ≥ t ,for all andx∈ℜ ( , ]t λ μ∈ , so ( ) ( )A x A y tμ∧ ∧ ≥ , tyxA ≥∨+ λ)( .Thus 
( ( ) ( ) , ( ) ) ( ) ( ) ( ( ) )M ,R A x A y A x y A x A y A x y tμ λ μ λ∧ ∧ + ∨ = ∧ ∧ ∧ + ∨ ≥
( ( ) , ( ) )MR A x A x tμ λ∧ − ∨ ≥ ( ( ) ( ) , ( ) )MR A x A y A xy A xμ λ∧ ∧ ∨ =
similarly, we can prove 
that and ( ) ( ) ( ( )A y A xyμ∧ ∧ ∧ ∨
) tλ ≥
( )
. Therefore A is a  -generalized fuzzy subnear-ring of ℜ .MR
(5) By A is a  -generalized fuzzy subnear-ring of ,so ,that
is to say 
GR ℜ tyxAyAxARG ≥∨+∧∧ ))(,)()(( λμ
A x y+ ( ) ( )A x A yλ μ∨ ≥ ∧ ∧ ( ) ( ) ( )A x A y A x y tμ λ∧ ∧ > + ∨ ≥ A x λ ≥or .Thus ( )y+ ∨
( ) ( )A x A y∧ ∧ t , similarly, we can prove that ( ) ( )A x A xλ− ∨ ≥ ∧ t ( ) ( ) ( ), A xy A x A yλ∨ ≥ ∧ t∧ .
      Conversely, because ( ) ( ) ( )A x y Aλ+ ∨ ≥ x ( ) ( )A x A yA y t∧ ∧ ( )A x y λhold, if + ∨
( ) ( ) ( )A x y A x A yλ
μ≥ ∧ ∧ , Then 
( ( ) ( ) , ( ) ) 1GR A x A y A x y tμ λ∧ ∧ + ∨ = ≥ ;if μ+ ∨ < ∧ ∧ ,then ( )A x y+ ∨ tλ ≥
,i.e., ( ( ) ( ) ,GR A x A y μ∧ ∧ ( ) )A x y λ+ ∨ = tyxA ≥∨+ λ)( ,so ( ( ) ( ) , ( )GR A x A y A x yμ∧ ∧ + ∨ ) tλ ≥
 similarly, we can prove that , .( ( ) , ( ) )GR A x A x tμ λ∧ − ∨ ≥ txyAyAxARG ≥∨∧∧ ))(,)()(( λμ
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Therefore A is a  -generalized fuzzy subnear-ring of ℜ .GR
4. Conclusions 
We study further on R-generalized fuzzy subnear-rings and the properties of their homomorphic image 
and homomorphic preimage were given ,besides, we also discussed the equivalent forms of them under 
five specific implication operators.In this paper, we discuss the theory of fuzzy algebra based on fuzzy 
logic, many works on this magic can be studied further. 
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